Based on classical nucleation theory, we propose a couple of theoretical models for the nucleation of polymer crystallization, i.e. one for a single chain system (Model S) and the other for a multi-chain system (Model M). In these models, we assume that the nucleus is composed of tails, loops and a cylindrical ordered region, and we evaluate the conformation entropy explicitly by introducing a transfer matrix. Using these two models, we evaluate the occurrence probability of critical nucleus as a function of the polymer chain stiffness. We found that the critical nucleus in Model M is easier to occur than in Model S because, for semi-flexible chains, the nucleus in Model M can grow by adding a new polymer chain into the nucleus rather than to diminish the loop and tail parts as in the case of Model S.
Introduction
For many years, a lot of researchers were attracted by the isothermal crystallization process of polymers, which is composed of multi-step ordering processes. [1] [2] [3] Especially, early stage of the crystallization has been extensively investigated both experimentally 2-7 and theoretically.
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In the early stage, some scenarios of ordering mechanisms have been proposed based on experimental results, for example, spinodal-assisted crystallization, 4,12,13 nucleation and growth 3, 5 and appearance of a mesomorphic phase. 1, 14 The mesomorphic phase, which is an intermediate state between the liquid and the solid phases, has the same symmetry as the liquid crystal. For example, in the case of poly(butylene-2, 6-naphthalate) (PBN), the structure of the mesomorphic phase has a smectic periodicity which is composed of a one dimensional periodic order along a certain direction and a liquid-like structure in the plane perpendicular to the direction. 14 In our previous research, 15 we focused on the spinodal-assisted crystallization, where the spinodal decomposition during induction period of the crystallization is suggested based on X-ray scattering experiments on polyethylene terephthalate. 4, 12, 13 This mechanism is supported by a molecular dynamics simulation of united atom model.
16
On the other hand, counter examples against the spinodal-assisted crystallization were reported based on the X-ray scattering experiments on polyethylene and on polypropylene.
5-7
In our previous research, by constructing a theoretical model, we obtained a criterion of the spinodal decomposition where the stiffness of the polymer chain and the strength of the nematic interaction determine the condition of the spinodal decomposition to occur.
In the present research, we focus on the time regime after the induction period, i.e., the time regime where a critical nucleus appears. Here, the critical nucleus is defined as the minimum-size nucleus which can grow stably.
Recently, the existence of the nuclei in polymer crystallization was directly confirmed by small angle and wide angle X-ray scattering (SAXS and WAXS) experiments, Fourier transform infrared spectroscopy (FTIR) and so on. 2, 3 Moreover, these experimental results were supported by recent particle simulations using molecular dynamics and Monte Carlo techniques.
10,17
Many researchers have tried to uncover the mechanism of such nucleation process by proposing simple but essential models for the polymer crystallization. 17 One of the most primitive theoretical models is the classical nucleation theory (CNT) 18 , where a competition between the bulk free energy difference and the surface excess free energy determines whether the nucleus grows or shrinks. In the CNT, by calculating the free energy difference before and after a nucleus appears, we obtain the size and the occurrence probability of the critical nucleus. A nucleus shrinks if it is smaller than the critical size, while a nucleus larger than the critical size grows. It is noted that the CNT accounts for both of homogeneous and inhomogeneous nucleation processes where the homogeneous nucleation is driven by thermal fluctuation in a uniform system while the inhomogeneous nucleation is initiated by the impurity such as a solid wall. In 1960, Lauritzen and Hoffman applied the CNT for both of homogeneous and inhomogeneous nucleations in polymer crystallization, where they assumed an anisotropic shape such as a cylindrical shape for the nucleus. 8 In the homogeneous nucleation process, the free energy difference before and after the nucleation, ∆f , of an isolated nucleus is given by ∆f (r, l) = −πr 2 l∆µ + 2πr
where r and l are the radius of the top surface and the height of the cylindrical shaped nucleus. Moreover, ∆µ, σ s and σ t are the bulk energy difference per volume between liquid and solid, the surface tension of the side surface and, that of the top/bottom surfaces. We note that σ t implicitly includes the effect of the conformation entropy of the chains.
Let us consider a free energy landscape defined by a curved surface ∆f (r, l) on the (r, l)
plane. We can easily confirm that this free energy landscape has a saddle point at (r * , l * ), which specifies the size of the critical nucleus. 8 By using the value of ∆f (r * , l * ), we can evaluate the activation energy of the critical nucleus which determines its occurrence probability. Here, it should be noted that, among the two types of studies performed by Lauritzen and Hoffman, only the CNT for the inhomogeneous nucleation of polymer crystallization is called Lauritzen-Hoffman (LH) theory. 8, 19 In LH theory, the nucleation is assumed to start from a solid wall, where the chains in the nucleus are aligned parallel to the solid wall. In this case, the area of the side surface of the nucleus is less than the one in the case of the homogeneous nucleation, which leads to a change in the contribution from the surface tension of the side surface in eqn. (1) . LH theory was successfully used in the analysis of the growth rate of the spherulite, where the values of the surface tensions are regarded as fitting parameters.
Despite of the importance of the critical size of the nucleus in the theoretical studies, it is difficult to measure it experimentally due to the limitation of the spatial resolution of experiments. Then, computer simulation is a powerful tool to investigate the characteristics of the critical nucleus. In fact, many computer simulations unveiled the dynamics of the nucleation and the structural characteristics of the nucleus. 10, 11 In these studies, however, the sizes of the critical nuclei have ambiguity because the crystalline region is not well-defined. 17, 20 The crystalline region is usually defined by introducing threshold values of orientational order parameters which describe the interchain and intrachain bond correlations. 11 Here, a problem comes from the fact that the threshold values in many simulation studies are different from each other. Although Welch reported a technique to evaluate these threshold values autonomously by using machine learning, there still remains a problem on the precision of the calculation.
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Some simulation studies reported that chain conformation in the nucleus affects the condition of the crystallization. 17, 21 The nucleation from a large solid wall of a bulk crystal leads to the appearance of a hairpin-like structure of a chain. 21 On the other hand, such a hairpin-like structure does not appear in the simulation study on the homogeneous nu- nucleus is assumed to be composed not only of straight parts but also of tails and loops (see Fig. 1 (a) ), where the tails and the loops are described by bead spring model. On the other hand, the effect of the conformation of single chain system is different from the one of the multi-chain system whose crystallization has been one of the main targets in the experiments and the simulations. In addition to the number of chains participating in the nucleus, the chemical detail of the polymer chains is another important factor for the nucle- In this paper, we construct nucleation theory which is applicable to both of single chain and multi-chain systems. Our model includes a chain stiffness, which reflects an important chemcial detail of the polymer chain, through the calculation of the conformation entropy, where the stiffness is described by the persistence length or by the energy difference between trans and gauche conformations. Here, the chain stiffness affects the important chemical details of the polymer chains in the samples.
This paper is organized as follows. In the next section, we discuss our theoretical models of nucleation in single-chain and multi-chain systems. First, we construct a theoretical model for single-chain systems. Next, a model for multi-chain systems is constructed based on the single-chain model introduced above. In Sec. 3, we compare these two models by discussing the effect of the stiffness of the polymer chain on the size of the critical nucleus. We further discuss the relationship between the induction time and the stiffness of the polymer chain.
Finally, we conclude our results in Sec. 4 2 Model 2.1 Nucleation theory for single polymer chain (Model S)
In this subsection, we construct a theoretical model of nucleation of a single polymer chain (Model S) which serves as a basic component of the multi-chain model discussed later. We calculate the free energy difference before and after the nucleation takes place, where we assume that the nucleus is formed by a single semi-flexible polymer chain. We also assume that the shape of the nucleus is as shown in Fig. 1 (a). This nucleus is composed of straight parts in the ordered region, and tails and loops outside of the ordered region. (1)). Then, we obtain
In eqn. (2) we assumed that the segments are closely packed in the ordered region, which leads to the condition on the total volume of the ordered region as
The reference value of the free energy is that of a single chain in the free space, which corresponds to the free energy in the liquid state composed of theta solvents and of a single chain with N + 1 − m(α + 1) segments. The bulk energy difference ∆µ × b 3 in eqn. (2) is given by
where T
m , T and ∆h are the equilibrium melting temperature, the actual temperature of the system (thus, T
m − T is the degree of supercooling) and the heat of fusion per segment, respectively. 23 We non-dimensionalize eqn. (2) by using
Hereafter, we use the non-dimensional parameters where the energy, temperature and length as ∆h. Thus, eqn. (5) is rewritten in the following manner
For simplicity, we assume that the ordered region is negligibly thin, therefore the conformations of the tails and the loops of the nucleus are assumed to be the same as those without the ordered region. Under this assumption, our model nucleus is just like a flower micelle as shown in Fig. 1 (b) . The statistical weight of the conformation is evaluated by using the transfer matrix T where the polymer chain is regarded as a sequence of rod-like segments. 15 Hereafter we will refer the rod-like segment as simply 'segment' unless otherwise noted. The orientation vector of each segment is chosen from the 12 basis vectors of a face centered cubic lattice e (η) (η = 1, 2, · · · 12), where the basis vectors are defined
The transfer matrix is defined as
(if neighboring 2 bonds are in trans conformation)
δ (if neighboring two bonds are in gauche conformation)
where η and ξ specify the orientations of 2 consecutive segments, respectively. Moreover, 1 and δ are the statistical weights of the trans and the gauche conformations. The value of δ is described by using the energy difference between trans and gauche conformations ∆ε as
We will refer ∆ε as simply 'gauche energy'. The persistence length of the chain is related to ∆ε through
By using the transfer matrix, the path integral for a polymer chain composed of N + 1 segments (N = 0) Q(0, η, r; N, ξ, r ) is defined as follows:
whereT
Here r and q are the position vector and the wave number vector. As shown in Appendix A, the expression of the statistical weight of conformation of the flower micelle
where the prefactor 1/12 is a normalization factor according to the 12 possible orientations of the initial segment and 1/α! is the correction of the overcounting of the micro states for loops. U ηξ (n) and J ηξ (n) are the statistical weights of a tail and of a loop, respectively, where both of these are composed of n segments. The expressions of these statistical weights are as follows:
loop;
Using these definitions, eqn. (12) is rewritten as
whereˇmeans discrete Fourier transformation with respect to the segment index, for ex-
This Model S gives us the information about the critical nucleus composed of a single polymer chain. In the next subsection, we construct a theoretical model of the nucleus of multi-chain system based on this Model S.
Nucleation theory for multi-chain system (Model M)
In variable. This choice of the variable means that we use the grand canonical ensemble to evaluate the conformation entropy. In the case of the nucleus with α loops and with length of ordered region m × b, the total grand potential difference before and after the nucleation is as follows:
where µ c is the chemical potential conjugate to the number of chains and Ξ(α, m; ∆ε/T, N + 1; µ c ) is the grand partition function of the nucleus including the effect of the conformation entropy of the tails and loops. M is the average number of the chains participating in the nucleus:
Here we ignore the contribution from CNT terms to the value of M to simplify the calcu- 
where¯means the discrete Fourier transformation with respect to α and, s is the conjugate variable to α. The expression of Ξ(α, m; ∆ε/T, N + 1; µ c ) is as follows:
where exp [µ c /T ] is the so-called 'fugacity' . By calculating eqn. (17) for each α + M and m, we can obtain the information about the critical nucleus composed of multiple chains.
3 Result and discussion
Result of Model S
In this subsection we discuss the size and the occurrence probability of the critical nucleus in Model S. In the present work, as we are interested in the dependence of the effect of the conformation entropy on ∆ε/T , we evaluate the free energy difference eqn. (6) when the parameters ∆h, σ s and σ t are fixed. First we show the excess free energy of a nucleus in Fig. 3 . The size of the critical nucleus is specified by the saddle point of the excess free energy ∆f (α, m) shown in Fig. 3 . In general, the saddle point of a continuous function g(x, y) is obtained by ∂g/∂x = ∂g/∂y = 0 and by λ 1 × λ 2 < 0 where λ 1 and λ 2 are eigen values of Hessian matrix of g(x, y), i.e.,
In our model, the variables α and m in ∆f are discrete values, thus, the saddle point (α * , m * ) cannot be calculated by using the derivatives of ∆f with respect to α and m. Instead, the activation energy in our model is defined as the lowest energy barrier among the all paths 
Here, L > 0 is chosen as an appropriate value that the size of the critical nucleus does on ∆ε/T . In both panels, the parameters are the same as the ones in Fig. 3 . m * tends to increase with the gauche energy, while α * fluctuates.
The fluctuation of α * is due to the competition between the energy gain of bulk energy difference in the CNT terms and the conformation entropy. When α increases, the energy gain from the bulk energy difference increases, while the conformation entropy loss also increases. According to the increase in ∆ε/T , the conformation entropy in eqn. (2) changes.
As a result, α * and m * change with the gauche energy ∆ε/T . It should be noted that, in the case of the CNT parameters that are the same as those in Fig 4, the contributions from the CNT terms and the conformation entropy term are almost the same when α changes.
These contributions lead to the fluctuation of α * .
We show the behavior of the activation energy ∆f * as a function of the gauche energy ∆ε/T in Fig. 5 . 2). When the value of ∆ε/T is large, the loss of the conformation entropy is relatively large compared with that in the case of small ∆ε/T . Thus, the activation energy is a monotonically increasing function of ∆ε/T as is shown in Fig. 5 . ∆f * is related to the induction time τ of the nucleation, which is defined as the period before the critical nucleus is generated, as
where τ 0 is the atomistic time scale. Figure 6 shows the induction time as a function of the gauche energy for the case with the same parameters in Fig. 4 . These dependences of α * + M and m * on ∆ε/T are due to the same mechanism as in Model S.
We show the dependence of the activation energy of Model M on the gauche energy in Fig. 9 . the fugacity in eqn. (21) . As a large value of µ c /T leads to a large value of α + M (see Fig. 11 ), the decrease in bulk free energy term leads to a decrease in the activation energy (see Fig. 12 ).
The behavior of the size of the critical nucleus for each µ c /T is shown in Fig. 11 . In Model M, the size of the critical nucleus is determined by ∆ε/T and by µ c /T , while in Model S, the critical size is determined only by ∆ε/T .
Conclusion
We extended the classical nucleation theory (CNT) which does not contain the conformation entropy and the information of the number of chains participating in the nucleus. We proposed 2 theoretical models of nucleation behavior. One is the model for a nucleus composed of a single chain (Model S), and the other is the model for a nucleus composed of multiple chains (Model M). In these models, the nucleus is composed of tails, loops and an ordered region whose shape is assumed to be a cylinder, where the width of cylindrical ordered region is assumed to be negligibly thin. By using these models, we discuss the behavior of the critical nucleus in terms of the chain stiffness and of the number of chains participating in the nucleus which are not taken into account in Muthukumar's model.
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In Model S, we obtain the information about the critical nucleus by calculating the free energy difference before and after the nucleation. The size of the critical nucleus is determined by the competition between the CNT terms and the conformation entropy term.
In our model, the number of loops α and the height of the ordered region m are discrete values. Thus, the critical size and the activation energy cannot be determined by using derivative of the free energy difference with respect to α and m. Then, the activation energy is defined by the lowest free energy among all paths from (α, m) = (0, 0) to (α , m ) where the latter is the value on the other side of the energy barrier. Moreover, the size of the critical nucleus is defined as the values of the number of loops and the height of the nucleus which correspond to the saddle point. The activation energy is a monotonically increasing function of the chain stiffness. This result is interpreted by using the fact that the conformation entropy loss increases with the chain stiffness.
In Model M, we introduced the chemical potential µ c which is conjugate to the number of chains participating in the nucleus. The grand potential difference discussed in Model M for µ c /T = 0.0 is smaller than the free energy difference evaluated in Model S. This means that the critical nucleus can be formed more easily in the multi-chain system than in the single chain system due to the difference in the conformation entropy loss associated with the creation of loops.
In Model M, the size of the ordered region is proportional to the average of the number of chains participating in the nucleus M . As the chemical potential plays a role of a driving force for a polymer chain to participate in the nucleus, M is an increasing function of the chemical potential. Thus, the high µ c leads to a large radius of the cylindrical ordered region despite of our assumption that the size of the ordered region is negligibly small.
Therefore, when we study the crystallization process for high µ c , we cannot approximate the conformation entropy of the nucleus as the one in free space due to the effect of the excluded volume of the ordered region.
The number of chains participating in the nucleus is determined by the following 2 contributions; The first one is the contribution from the competition between surface tensions and bulk energy difference which is controlled by the temperature. The other contribution is the chemical potential conjugate to the number of chains. If the state of the nucleus is specified, e.g. the size of the ordered region, M is obtained from the derivative of the grand potential difference with respect to µ c .
Appendix A Derivation of Z(α, m; ∆ε/T, N + 1; M = 1)
The conformation of a flower micelle is calculated by using the path integral Q defined in eqn. (10) as
where η, η and η i are indices of the segment orientation. Variables r and r are the positions of two ends of the tails, and x is the position of the branching point of the flower micelle.
By using Fourier transformation with respect to the positions of segments, we derive 
By using eqns. (13) and (14), we can derive eqn. (12) .
Appendix B Behavior of M and driving force µ c
In this appendix, we discuss the behavior of M which depends on µ c /T , α and m. We show the relationship between M and µ c /T in the cases with (α, m) = (0, 3), (1, 3) and (2, 3) , and with ∆ε/T = 0.0. As the value of α is relatively small, the behavior of M does not depend on ∆ε/T in these sizes of the nuclei. Although M depends on ∆ε/T in the case of the large value of α, this situation corresponds to the thick ordered region which is not consistent with the assumption of Model M. Thus, in the high µ c /T regime, the assumption of the small ordered region in the nucleus can not be justified.
We focus on the behavior of M at µ c /T = 0. As we mentioned in subsection 3.2, µ c /T is regarded as a driving force for the polymer chain to migrate from the bulk phase to the nucleus. Therefore, µ c /T = 0 means that the driving force does not exist except for the contribution from the CNT terms. In Fig. 13 , at µ c /T = 0 with (α, m) = (0, 3) (the purple solid line), we obtain M 1 which is the minimum value for creating the nucleus. The behavior of M around µ c /T = 0 does not depend on m but on α. In the case of µ c /T = 0 with α = 0 (see the purple solid line in Fig. 13 ), M 1 which is the minimum value for M for creating the nucleus. In the case of α = 1 and 2 specified by the green dashed line and the blue dotted line, respectively, in Fig. 13 , we obtain M > α at µ c /T = 0. This result is explained as follows; When the total number of the loops is specified by α in Model M, the single chain tends not to include multiple loops due to the large loss of the conformation entropy. In other words, taking the conformation entropy loss into account, the nucleus with α loops tend to be composed of at least α chains where a chain may or may not include a single loop. Therefore, the average number of chains is larger than α at µ c /T = 0.
